a r t i c l e i n f o a b s t r a c t 
pletion functor upon a functorial quasi-uniformity, and then descending again to the topological level by taking the first topology.
As a blanket reference for all matters concerning (topological) categories, we refer to Adámek, Herrlich and Strecker [1] .
Throughout the rest of the paper (A, U ) and (B, V ) will denote topological constructs, meaning for (A, U ) that A is a category and U : A −→ Set is a faithful functor such that every U -structured source has a unique U -initial lift. We call U forgetful functor from A to Set. For any X ∈ Set, the class {A ∈ A | U A = X} is called the (U -)fibre of X , and a pre-order relation is defined on it by defining A 1 A 2 if and only if there exists an A-morphism i : A 2 −→ A 1 such that U i is the identity map on X . From now on we will also assume that (A, U ) is amnestic, meaning that is a partial order on the U -fibre of X for all X ∈ Set, and the same applies to (B, V ). Note that we differ here from the convention taken in Adámek, Herrlich and Strecker [1] where the opposite of the relation is considered as pre-order relation on the fibre. If A is a category, the notations ' A ∈ A', resp. 'S ⊆ A', will be used to denote that A is an A-object, resp. S is a subclass of the object class of A.
We will be concerned with the case where we can think of 'the topological structure of (A, U ) being of a stronger nature than that of (B, V )', in the sense that we are given a concrete functor T : A −→ B, i.e. a functor such that V T = U , which is surjective on objects, i.e. the T -fibre of X is non-empty for all X ∈ B. We will also assume that T preserves initial sources, i.e. that for every U -initial source ( f i : A −→ A i ) i∈I in A, the source (T f i : T A −→ T A i ) i∈I is V -initial.
Moreover, without explicitly mentioning it, we will assume all topological constructs to be well-fibred, meaning for a topological construct (A, U ) that for any set X , its U -fibre is a set and that for any set with at most one element, its U -fibre has cardinality 1.
Paradigmatic examples of this situation are given by A = QU (resp. A = Unif), the category of quasi-uniform spaces and quasi-uniformly continuous maps (resp. uniform spaces and uniformly continuous maps), and B = Top (resp. B = CRegTop), the category of all (resp. completely regular) topological spaces and continuous maps, where we take U and V to be the usual forgetful functor to Set and T takes every quasi-uniform space (resp. uniform space) A to the topological (resp. completely regular topological) space on the same underlying set, equipped with the first topology (resp. the uniform topology) associated with A. For information about (quasi-)uniform spaces and in particular their categorical properties we refer to Fletcher and Lindgren [14] and more recent papers by Brümmer and/or Künzi [6, 9, 10, 17] .
In the setting of topological constructs, a very satisfactory notion of T 0 -objects, paralleling the well-known topological one (and reducing to it in case (A, U ) is Top with the usual forgetful functor) has been introduced and studied in Marny [23] .
For completeness, we recall that for any topological construct (A, U ), the smallest (resp. largest) element of the fibre on a set X is called the indiscrete (resp. discrete) A-structure on X . With I 2 denoting the indiscrete A-object on {0, 1}, an object A ∈ A is called a T 0 -object if and only if for every A-morphism f : I 2 −→ A, U f is a constant function. The full subconstruct of A formed by all T 0 -objects is denoted by (A 0 , U 0 ) and it is shown in Marny [23] that it is the largest epireflective, nonbireflective subconstruct of (A, U ). Furthermore, A 0 is extremally epireflective (or: quotient reflective) in A. For our purposes, it is most convenient to consider the corresponding epireflector from A onto A 0 as a pointed endofunctor (Q , q) on A (i.e. Q : A −→ A is the epireflector onto A 0 , q : 1 A −→ Q is a natural transformation and for every A ∈ A, q A : A −→ Q A is the A 0 -epireflection arrow from A). A special role will be played by those topological constructs (A, U ) for which A is the bireflective hull (= initial hull) of A 0 , or equivalently (see Marny [23] ), for which for every A-object A, the T 0 -epireflection arrow q A is U -initial. Such topological constructs are called universal.
In the setting mentioned above, we call a functor F : B −→ A with T F = 1 B a T -section or a functorial A-structure (on B). In the paradigmatic uniform and quasi-uniform cases, functorial uniformities (resp. functorial quasi-uniformities) have been studied for four decades, e.g. by Brümmer and Hager [8] , Banaschewski and Brümmer [2] , Künzi and Ferrario [18] , Brümmer [5, 6] and Brümmer, Giuli and Holgate [7] , Brümmer and Künzi [9, 10] and Brümmer, Künzi and Sioen [11] . Functorial approach structures (in the sense of Lowen [19] ) were considered by Brümmer and Sioen [12] . Outside the realm of topological constructs, results in a pointfree setting have been given by Banaschewski and Brümmer [3] , Ferreira and Picado [13] and Frith and Schauerte [15] . One of the main motivations for studying functorial uniformities (resp. functorial quasi-uniformities) is the rich topological theory that can be obtained from studying their interaction with the uniform Cauchy-completion (resp. quasi-uniform bicompletion).
Drawing once more upon the quasi-uniform paradigm, we see from e.g. Brümmer [5] that the strongest and most elegant results are obtained for functorial quasi-uniformities on Top 0 (rather than Top). It is noteworthy, however, that the development of these results fundamentally hinges upon the use of functorial quasi-uniformities on Top and constructions such [16] ) this result was extended to the setting of (E, M)-topological categories with respect to the notion of 'separatedness' instead of T 0 . Although our Theorem 1 could be deduced from a corresponding result in [16] , we still feel that presenting a more transparent, concise proof in the setting of topological constructs might be useful, particularly since it benefits from the use of the spanning construction for sections, which permits an easier description of the construction and also a more detailed analysis of the situation at hand. We end the Introduction with a brief account of the main results of this paper (all under the standing assumptions listed below at the beginning of the next paragraph):
• If (A, U ) is universal, every T 0 -section extends uniquely to a T -section, so there is a one-to-one correspondence between T -sections and T 0 -sections (Theorem 1).
• Every T -section F can be spanned w.r.t. T (in the sense of [4] ; see also Definition 1) by a class of T 0 -objects, namely by Q [S] for any spanning class S of F w.r.t. T (Theorem 2).
• If only (B, V ) is universal, every T 0 -section still extends to a T -section (Theorem 3).
• (Assuming AC) Provided (A, U ) is universal and the finest T -section preserves indiscrete 2-point objects, every T -section F commutes with the T 0 -reflectors, i.e. (Q , q)F = F (Q , q ) (Theorem 4).
Extension of T 0 -sections and Marny's universality
As said before, we make the following standing assumptions throughout the paper: To avoid ambiguity, we will denote the T 0 reflector on A, resp. B, by (Q , q), resp. (Q , q ). Note that condition 4. guarantees that T restricts to a functor T
It also follows from these assumptions that (B, V ) is universal whenever (A, U ) is. We now want to investigate under which hypotheses, conversely, every T
We begin by giving an example where more than one extension exists.
Example 1.
We take (A, U ) to be the topological construct PrAp of pre-approach spaces as introduced in [20] . For completeness' sake, let us recall that the objects of PrAp are pairs (S, (t ε ) ε 0 ) with S a set and all t ε pre-topological (i.e. grounded, additive but not necessarily idempotent) closure operators on S such that for all Z ⊆ S and all ε 0
) for all Z ⊆ X and all ε 0. With the obvious forgetful functor U to Set (which is informally also denoted by · ), (PrAp, U ) is a topological construct. For (B, V ) we take the topological construct PrTop of pre-topological spaces and continuous maps with its usual forgetful functor. The functor T : PrAp −→ PrTop just 'takes the 0-level', i.e. it is the concrete functor defined by
with c being the pre-topological closure operator. In actual fact, Φ is the canonical embedding of PrTop into PrAp as a full concretely bireflective and concretely bicoreflective subconstruct and T is its right adjoint which therefore preserves initial sources. It follows by straightforward calculation that all the standard assumptions are fulfilled in this case. The restriction of Φ to a T 0 -section is denoted Φ 0 . We now construct uncountably many extensions of Φ 0 to T -sections which differ from Φ. Fix δ ∈ R + 0 and let (Q , q ) be the Marny-T 0 -epireflection on PrTop. For every X = ( X, c X ) ∈ PrTop, let c X be the initial pre-topological closure operator on X for the V -structured 1-source
Define a concrete functor Φ δ : PrTop −→ PrAp, which clearly is a T -section, by putting Φ δ (X) :
(That Φ δ indeed is a functor easily follows from functoriality of Q and the definition of c X as initial lift.) Those X ∈ PrTop for which q X : X −→ Q X is initial in PrTop, i.e. for which c X = c X , are called saturated and it is well known from [23] (p. 178) that the saturated pre-topological spaces form the bireflective hull of PrTop 0 in PrTop, which is strictly contained in PrTop since PrTop is not universal [23] 
For the sake of completeness, let us recall the definition of the spanning construction to produce concrete functors:
and let F X be the A-object in the U -fibre of V X which corresponds to the unique U -initial lift of this source. It is easy to see that for any B-morphism h : X −→ Y , there is a unique A-morphism h : F X −→ F Y with U h = V h, and we define F h := h. Clearly, this defines a (concrete) functor F : B −→ A. We call F the functor spanned by S (w.r.t T ) and denote this by writing F = S T , or simply F = S if no ambiguity arises.
Spanning is an appropriate tool for describing T -sections, as can be observed from:
Proposition 1. ([4])
(1) If S ⊆ A and F := S T , a necessary and sufficient condition for F to be a T -section is that T [S] := {T S | S ∈ S} be initially dense in B, i.e. that for all X ∈ B, the source
is V -initial. Proof. Let G := M 0 F T . We claim that G is a T -section. Since G as a spanned functor is concrete, we only need to verify T G X = X for fixed but arbitrary X ∈ B. By Lemma 1, M 
are U -initial (where· denotes lifting w.r.t. U , i.e. U (l) = l for every function l). Because A is universal, q A : A −→ Q A is U -initial for every A ∈ M F , so also the source
is U -initial. Since T preserves initiality, both
are V -initial and therefore also the source
On the one hand,
Again by U -initiality of
g∈B( X,T A) and using that for any A ∈ M F and g ∈ B( X, T A), m := k A • G T q A • G(g) is an A-morphism with
, we obtain that F X G X which finishes the proof. 2
We note in passing that, whereas the proof of Lemma 1 and hence also Lemma 2, use the Axiom of Choice, it would be interesting to know whether the statement made in the lemma actually needs it or is independent of it. It is important to observe from the proof of Theorem 1 below that, under the assumption that (A, U ) is universal, the existence of extensions of T 0 -sections to T -sections is proved Choice-free; it is only in the uniqueness part of the proof we used the Axiom of Choice and again, the question that arises here is whether a Choice-free version of the proof can be given. 
Theorem 1. Assume that (A,
First of all, a careful look at the proofs of Lemma 1 and Lemma 2 yields that we can prove in the same way that under the standing assumptions we only need to consider spanning classes consisting of A 0 -objects, provided (A, U ) is universal. This shows, although the result of Theorem 1 for the quasi-uniform case was proved long ago by Salbany [25] , the categorical proof given here not only provides us with a larger range of contexts to which the theorem is applicable, but also with additional insight. 
It would be interesting to know whether this implication is strict and whether the condition stated above is weaker than asking that S T = Q [S] T for all S ⊆ A. In the same vein we also obtain the following result: A 0 -objects, then (B, V ) is universal.
Proposition 2. If there exists a T -section which is spanned by a class of
Proof. Suppose F = S T is a T -section with S ⊆ A 0 . By definition of the spanning construction and because T preserves initial sources and T F = 1 B ,
is a V -initial source for every X ∈ B, which means that T [S], and hence B 0 , is initially dense in B. 2
Again, observing that for the existence of an extension in the proof of Theorem 1 we do not need (A, U ) to be universal, we have at once shown the following: The next lemma will turn out to be very useful for constructing sections with certain properties:
Lemma 3. Let A 1 ∈ A be a given object. Then the following assertions are equivalent: In the next proposition, we describe an alternative way to construct an extension of a T 0 -section.
There exists a T -section F such that A
1 = F T A 1 . 2. There exists K ⊆ A such that • A 1 ∈ K, • T [K] is initially dense in B, • ∀K ∈ K: T [A(A 1 , K )] = B(T A 1 , T K ).
Proposition 4.
Let G be a T 0 -section. Then the following assertions are equivalent:
G extends to a T -section.

There exists a T -section H such that H
Proof. Since 1. ⇒ 2. trivially holds, we only need to prove the converse implication, so assume H is a T -section with
where the supremum is taken 'pointwise', i.e. object by object. We first verify that F restricts to H on B 0 , so fix B 0 ∈ B 0 .
Since G is a functor,
is an A-source, which yields that G 
is an initial B-source (where
We therefore, again using that T preserves initial sources, obtain that
2 Remarks 1.
1. An instance of Theorem 1 was used in Brümmer and Sioen [12] to prove Theorem 2.4 of that paper. An instance of Theorem 2 was used in Brümmer and Künzi [9] , Remark 3.4, as an ingredient of the proof of Proposition 3.5 of that paper. 2. Marny [23, p. 179] , gives a good many examples of topological constructs which are universal. It is easy to give many more, e.g. QUnif (quasi-uniform spaces), QProx (quasi-proximity spaces), BiTop (bitopological spaces), etc. Further, Lowen and Srivastava [22] prove that the constructs FTS, FNS, ω(TOP) are universal; these are the categories of, respectively, the fuzzy topological, the fuzzy neighborhood, and the topologically generated fuzzy topological spaces. Also, Lowen and Sioen [21] (Remark 2.4) prove that the construct AP of approach spaces and contraction maps is universal. 3. Marny [23] (pp. 179-180) gives a good many examples and results about non-universality. Sibylle Weck-Schwarz [26] uses the term 'saturated' instead of Marny's 'universal' (because earlier work by Marny used the term 'gesättigt' for this concept). In [26] , the author also remarked that saturatedness is heavily incompatible with categorical convenience properties, since Set is the only saturated extensional topological construct and hence the only saturated topological universe.
Commutation with the T 0 -reflectors
It is a well-known fact that in the case A = QU, B = Top and T the usual forgetful functor, T commutes with the respective T 0 -reflectors, meaning that T Q A = Q T A and T q A = q T A for all A ∈ A. This commutation relation can be written more briefly as
Let us take a closer look at this condition. We note in passing that Salbany's proof of the uniqueness-of-extension for T 0 -sections in the quasi-uniform case critically used this condition, whereas in our approach we did not have to make this assumption.
We will write U * (resp. V * ) for the indiscrete functor from Set to A (resp. B) which puts the coarsest possible = indiscrete A-(resp. B-) structure on a set. Then obviously U U * (resp. V V * ). Now assume (A, U ) (and hence, under our standard assumptions also (B, V )) to be universal. Then Marny [23] gives a very useful concrete description of (Q , q) as follows: for A ∈ A, define an equivalence relation ρ A on U A by defining (for x, y ∈ U A) xρ A y if and only if U * {x, y} is an A-subobject of A via the canonical inclusion (i.e. the canonical inclusion ι : {x, y} → U A lifts to an initial A-morphism from U * {x, y} to A). Note that, by indiscreteness of U * {x, y}, this is equivalent to the existence of an A-morphism i : U * {x, y} → A with U i = ι. Then q A is the A-quotient of A w.r.t. ρ A (i.e. Uq A is the canonical quotient map corresponding to ρ A and q A : A −→ Q A is U -final). The equivalence relations describing (Q , q ) will be denoted ρ − . As usual Φ := A T denotes the finest T -section and I A 2 (resp. I B 2 ) stands for the indiscrete 2-point object in A (resp. B). Because Φ T and U Φ = V , it automatically follows by composing adjunctions that T U * = V * , i.e. that T preserves indiscreteness.
We can now single out a very simple condition under which T commutes with the T 0 -reflectors, provided we assume the Axiom of Choice: At the moment, however, it is unknown whether the antecedent of the implication, or the consequence, can be proved without invoking (AC). For completeness sake, let us mention that one can easily show that also the implication
can be proved without (AC).
